We analyze a spacetime structure on a new brane configuration constructed recently in the DvaliGabadadze-Porrati braneworld context. The brane, embedded on a five-dimensional bubble of nothing, has a wormhole structure. It is an exact solution without any matter fields, and thus the energy conditions for matter fields are trivially satisfied. We see that, under the traversability condition, the size of the bubble should be larger than 10 10 cm or so.
I. INTRODUCTION
A wormhole has been often discussed as one of the intriguing objects in general relativity [1] [2] [3] (see Ref. [4] for the recent review). However, it is well known that, to support a static wormhole, we need exotic matter fields violating the null energy condition [5] (see also Refs. [6, 7] ). Recently, dynamical wormholes have also been discussed [8] [9] [10] [11] [12] [13] , because the requirement of the staticity for spacetimes is rather strong. One may hope that the existence of dynamical wormhole solutions is compatible with the energy conditions. There have been other attempts to construct wormholes; for example, considering rotational [14, 15] , spherically symmetric with the cosmological constant [16] , or plane-symmetric cases [17] .
In this paper, we discuss the wormhole configuration in a braneworld context(see Refs. [18, 19] for related works, but their setups are completely different from the current one). Therein, our Universe is a membrane in a higherdimensional spacetime. There are several models for the braneworld(see Ref. [20] for a review). The simplest one is the Randall-Sundrum (RS) model [21] . It turns out that the wormhole is realized there [22] . This is regarded as a similar configuration with the Kaluza-Klein bubble spacetime found in Ref. [23] . We call this RS bubble spacetime. The existence of such a configuration means that the Minkowski brane in the anti-de Sitter bulk spacetime may decay into the RS bubble spacetime by semiclassical instability. However, for the construction of the RS bubble, we need a domain wall at the junction "point" between two branes.
The Dvali-Gabadadze-Porrati (DGP) braneworld [24] is another well-motivated model, where the induced gravity due to the quantum effects of matter [25] localized on the brane is taken into account. The DGP model was one of the candidates to explain the current acceleration of the Universe without introducing the cosmological constant. Now it is known that the self-accelerating solution in the DGP model has several serious problems: the ghost instability [26] [27] [28] [29] [30] , the incompatible situations with observations [31] , etc. Meanwhile, the original configuration, so-called normal branch solutions, still can work. However, the vacuum state of the normal branch may decay into other states by semiclassical instability. In the recent paper [32] , without introducing any domain wall on the brane, the brane configuration with the bubble of nothing has been constructed in the DGP braneworld model [24] , which may be the state after semiclassical decay. We call this the DGP bubble(see Ref. [33, 34] for related work).
The solution found in Ref. [32] itself is interesting, in addition to the discussion of semiclassical decay, because the solution seems to have a wormhole structure without introducing any exotic matter fields. The energy conditions trivially hold there because it is the solution for the pure gravitational system; i.e., no matter fields are introduced both in the bulk and on the brane. The purpose of this paper is to examine the details of the spacetime structure on the brane obtained in Ref. [32] .
The spacetime that we will analyze here is dynamical. It is nontrivial to define the wormhole throat in dynamical spacetimes because of the spacetime foliation dependence. Here we consult the two typical definitions based on the double null [11, 12] and time slice foliations [13] and demonstrate two ways. Although the location of the throat depends on foliations, we confirm that the throat exists at least within our considerations. There may be a nontrivial time slice, which does not contain the throat, like the critical argument for black holes [35] . Even if not so, it is also very interesting to show the stability of the existence of the throat. This is beyond the scope of our current study.
We also address the traversability shortly. Then, to keep the acceleration and tidal force felt by travelers mild like the situation near Earth, we see that the size of the bubble should be larger than (c 2 /g ⊕ )|ξ| ∼ 10 10 cm, where g ⊕ is the gravitational acceleration on Earth and we took |ξ| ∼ 1 m, which is the typical size of a human body.
The remaining part of this paper is organized as follows. In Sec. II, we will briefly describe the setup of the DGP model and the construction of a wormhole spacetime on a brane. In Sec. III, we will discuss the spacetime structure on the brane. In particular, we will focus on the throat structure and the energy conditions for the effective energy-momentum tensor computed from the four-dimensional Einstein tensor. In Sec. IV, we address the traversability by computing the acceleration and tidal force felt by travelers. Finally, we will give a summary and discussion in Sec. V.
II. SETUP
In this section, we review the DGP bubble spacetime obtained in Ref. [32] . Therein, there are many brane configurations. For simplicity, we consider the single-brane solution, that is, the case without nontrivial junctions of branes. As pointed out tacitly in Ref. [32] , the brane geometry has a wormhole structure. We will examine this point in the next section.
The model is described by the action [24, 32] 
where g µν , q µν , R, and (4) R(q) are the metric of the bulk, the metric of the brane, the Ricci scalar of the fivedimensional bulk, and the four-dimensional Ricci scalar on the brane, respectively. M is the Planck scale in the five-dimensional spacetime, and r c is a constant having a length scale. We adopt the natural unit in the majority of this paper.
The bulk spacetime satisfies the vacuum Einstein equation, and the Kaluza-Klein bubble spacetime is a solution for the bulk [23] :
where f (r) = 1 − (r 0 /r) 2 and r 0 is the size of the bubble. γ ab is the metric of the unit three-dimensional de Sitter spacetime:
where dΩ 2 2 is the metric of the unit two-dimensional sphere. Now we suppose that the brane is located at
and then the induced metric of the brane can be written in
where
From the junction condition, we see thatχ(r) follows
Together with the definition of α, it tells us that there are two solutions for α. Here we take one of them, that is,
With the additional requirement of r 0 > r c , this case gives us globally regular configurations with the bubble of nothing. Note that α 2 is positive for
and 0 ≤ α 2 < 1 (α 2 → 1 as r → ∞). Therefore, the trajectory of the brane exists only for r ≥ r * . In addition, the smooth extension to its own copy is possible at r = r * (for the detailed discussion of the extension, see Ref. [32] ). Then, in the final configuration, the brane has two asymptotic regions, both of which approach the Minkowski spacetime.
III. THE WORMHOLE ON THE BRANE
In this section, we examine the induced geometry on the brane. We will see that it has indeed a wormhole structure. Since we consider the vacuum brane in the vacuum bulk, the energy conditions are trivially satisfied. We also confirm that the effective energy-momentum tensor computed from the four-dimensional Einstein tensor does not satisfy them.
A. The spacetime structure on the brane
We ask if the spacetime has a wormhole structure. To see this, we need to check two points [11] [12] [13] : (i) no event horizon and (ii) the existence of a throat.
To see point (i), we follow the argument of Ref. [32] . We introduce the double null coordinate u ± defined as du ± = dτ ± dr/(rα), and then the metric becomes
where R = r cosh τ . Since the null expansion rate θ ± can be obtained as
we see that the timelike hypersurface H − with θ + = 0, θ − < 0 exists for τ < 0 and the timelike hypersurface H + with θ − = 0, θ + > 0 exists for τ > 0. For τ = 0, both θ ± vanish at r = r * . H − is like an apparent horizon, and H + is like a cosmological apparent horizon. Moreover, θ + > 0 holds for τ > 0, and the spacetime is regular everywhere. Thus, we can conclude that there is no event horizon. Meanwhile, we have a similar structure to black holes in the region of τ < 0; that is, there are future trapped surfaces(θ ± < 0). Usually, the presence of the future trapped surface implies the appearance of spacetime singularities in the future [38] . However, this is not the case, because the energy conditions for the effective energy-momentum tensor are not satisfied in the current case as seen later and then the singularity theorems do not hold on the brane. Let us examine point (ii). There are several definitions of throat. Since the induced metric on the brane is dynamical, it is not necessary to follow the definition in the old paper [1] , where a throat is defined just as the minimal surface. Nevertheless, it is interesting to look at this. This has been already seen from Fig. 1 of Ref. [32] that the geometry on the τ =const slices has a minimum radius at r = r * .
One may be interested in the definition proposed by Maeda, Harada, and Carr [13] , where the definition of the throat is generalized to Refs. [11, 12] for spherically symmetric spacetimes. According to them, the throat is a surface with a minimum area among trapped spheres which satisfies θ + θ − > 0 or a bifurcating trapped horizon which satisfies θ + = θ − = 0. We have already seen that it holds for inside the region surrounded by H + and H − . Moreover, we have known that the sphere at r = r * , which is a trapped sphere or bifurcating trapped sphere, has the minimum radius on τ =const slices. Thus, we can conclude that the throat is located at r = r * . This is the same result as that in the old manner. However, as expected, this strongly depends on slices.
In the current coordinate, the r =const trajectory is not static even at r = ∞. Therefore, it is nice to change the coordinate system. As an example, we introduce a new coordinate (T, R) defined as
and lim r→∞ h(r) = 1. Then, the metric becomes
This has the conformally flat form, and on the asymptotic region ∂ T approaches the time direction of the Cartesian coordinate for the Minkowski spacetime. Therefore, this form of the metric is one of the natural choices. First, to find the minimal surface, we look for R = R * that minimizes the area 4πR 2 h −2 (R, T ) on T =const slices. On the minimal surface,
must be satisfied. That is, R * satisfies
It is difficult to solve this, because we cannot have the explicit expression for the function α(R, T ). However, moving back to the (r, τ ) coordinate, we can obtain the analytic formula of the trajectory r = r min (τ ) satisfying Eq. (16):
According to Maeda, Harada, and Carr [13] , this will be regarded as the location of the throat on T =const slices. We will first see the slice dependence of the location of the throat and then confirm that it is in the trapped region. For r 0 > r c , we see that
with equality if and only if τ = 0. As a consequence, the location of the throat determined by the minimal surface has the slice dependence. This is not a surprising result. It can be seen, in general, from the trace of the extrinsic curvature of two-surface S, denoted by k. When we choose a different time slice, the spacelike normal vector is shifted tor a = βr a ± 1 − β 2 t a , where r a is the spacelike unit normal vector to S on the hypersurface before shifting, t a is the timelike unit normal vector to S with t a r a = 0, and β is a constant. We denote the trace of the extrinsic curvature of two-surface S on the shifted hypersurface byk.k is related to k in the following formula:
where h ab is the induced metric of S and K ab is the extrinsic curvature of the spacelike hypersurface orthogonal to t a . On the minimal surface, k = 0 has to be satisfied, which obviously depends on the choice of slices except for the time-symmetric slice (K ab = 0).
Next, we will check that the minimal surface r = r min (τ ) is in the trapped region or at the bifurcating trapping horizon. The location of H ± is determined by
and then this gives us the equation of the trajectory for
We find Thus, the minimal surfaces on T =const( = 0) slices are in the trapped region, while that on the T = 0 slice is at the bifurcating trapping horizon. Therefore, we have completed the proof that r = r min (τ ) is the throat of this wormhole. Finally, we consider the other definition of the throat with respect to the double null foliations [11, 12] . Roughly speaking, the throat is the minimal surface on the null surfaces. As we discussed in point (i), we have already seen that H ± are such surfaces.
B. No exotic
As stressed before, we do not introduce any matter fields. Thus, no exotic matter fields are contained in our model. Usually, we often thought that one needs such exotic matter fields, which do not satisfy the energy conditions, to maintain the wormhole. To see what happens on the brane, it is nice to define the effective energy-momentum tensor T (eff) µν , computed from the fourdimensional Einstein tensor to be
Now each component of the Einstein tensors is computed to be
where α ′ := dα/dr. We can write the effective energymomentum tensor in the orthonormalized coordinate:
It is easy to see 1 − α 2 − 2rαα ′ < 0, by using
derived from Eq. (8) . Then, we can find ρ (eff) = −p (eff) < 0; that is, the weak (ρ ≥ 0, ρ + p i ≥ 0) and dominant energy conditions (ρ ≥ 0, −ρ ≤ p i ≤ ρ) are not satisfied. Moreover, we see
and then the null (ρ + p i ≥ 0) and strong energy conditions (ρ + p i ≥ 0, ρ + i p i ≥ 0) are not satisfied. One may be interested in the positivity of ρ (eff) +p (eff) r +2p (eff) , which is necessary for the strong energy condition although the other necessary condition is violated. After short computations, we see that it depends on the values of r 0 and r c . For r 0 > √ 3r c , we see that
(eff) is always negative. In the case with
is positive for r * < r < (2/3 1/4 ) √ r 0 r c and negative for r > (2/3 1/4 ) √ r 0 r c . According to Refs. [32, 39] , we know that the gravitational equation on the brane can be written as
and E µν is the electric part of the Weyl tensor defined by C µMνN n M n N with the unit normal vector to the brane n M . This is the extended version of the argument for the RS model [40] into the DGP model.
It is nice to look at which part is dominant in the righthand side of Eq. (31) . Note that E 
and
It is easy to see that E 
and then E µ ν is dominant. We emphasize again that we consider the vacuum solution in the DGP model. In this sense, no exotic matter fields are introduced, and thus the energy conditions for matter fields are never violated. Rather, the fourdimensional gravitational equation on the brane is modified from the Einstein equation. Then, the modification plays effectively the role of the exotic source in the Einstein equation.
IV. TRAVERSABILITY
In this section, we discuss the traversability of the wormhole on the brane by examining acceleration and tidal force for travelers. Let us consider the case that a traveler moves across the wormhole along the radial direction while an observer stays at R =const. The orthonormal basis of the traveler's proper reference frame, e0′ , e1′ are related to the observer's one, e0 = h∂ T , e1 = h∂ R , as
where v is the traveler's velocity measured by the observer with the four-velocity of e0 at the same position and γ := (1 − v 2 ) −1/2 . As usual or for simplicity, we consider the case where v =const.
First, we estimate the acceleration of the traveler. It should not exceed the acceleration on Earth g ⊕ for the traveler to endure the gravitational force [1] . The fourvelocity of the traveler is u µ = (e0′ ) µ , and then a short calculation gives us the form of the acceleration:
For the traveler to endure the gravitational force, we may need to require |a i | g ⊕ , where a i is the spatial component of a µ . On the throat of r = r min (τ ), |a i | becomes
At τ = 0, it becomes
For v ≪ 1, we have the following constraint:
where we recovered the speed of light c. Then, the concrete value of the constraint on r 0 becomes
where we used r 0 > r c .
Next, we consider the tidal force acting on the traveler. The proper size of the traveler can be written by the displacement vector ξ µ satisfying
Then the tidal acceleration ∆a µ is defined by
The tidal acceleration ∆a µ should be enough small for the traveler to endure, which gives a requirement |∆a i | g ⊕ [1] . Some components of the Riemann tensor are written as
where A and B are the indices for the angular coordinate of a two-sphere. On the traveler's basis, they are
and so on. On the throat, we see
At τ = 0, they become
Then, for v ≪ 1, the requirement of |∆a i | g ⊕ gives
and, by the concrete value, we have the constraint on r 0 as
The lower bound is a similar distance between Earth and the Moon. We have two constraints on r 0 : Eqs. (43) and (56). The former gives a stronger constraint than the latter. However, the acceleration strongly depends on the trajectory of the traveler. The tidal force can be estimated to be the product of the curvature and the proper size of the traveler, and this rough estimation gives Eq. (56). Therefore, the latter constraint would be independent from the choice of the trajectory and may be more meaningful than the former.
V. SUMMARY AND DISCUSSION
In this paper, we have discussed the spacetime structure on a brane embedded in the five-dimensional bubble of nothing spacetime. The solution has been recently constructed in the DGP braneworld context [32] . This may be realized as a semiclassical decay of the normal branch solution. Therein, no matter fields are introduced. The boundary of the bubble in the five-dimensional sense, which looks like a singularity for four-dimensional observers, expands with almost the speed of light.
We have confirmed that, even as no exotic matter fields breaking the energy conditions are introduced, the brane has a wormhole throat. This is because the fourdimensional effective equation of gravity on the brane is modified from that of general relativity. The modification stems from the higher-dimensional effects. Calculating the effective energy-momentum tensor that means the deviation from general relativity, we have found that it does not satisfy the energy conditions. Namely, the realization of the wormhole structure is supported by the higher-dimensional effects of gravity. The higherdimensional effects can be usually categorized into two: the four-dimensional curvature squared part S µ ν and the electric part of the five-dimensional Weyl tensor E µ ν . In the wormhole both are the same order, while in the asymptotic region E µ ν is dominant. There is another way to look at the current situation when one remembers the origin of the DGP model. Then one can interpret a part of the higher-dimensional effects as the consequence from the quantum effects of localized matter. In this sense, this is consistent with the ordinal thought that the quantum effects may support the existence of the wormhole.
The solution may have a large impact on black hole physics in the DGP braneworld. This is an example of a disappearing trapped region without exotic matter fields. It means that the existence of an apparent horizon does not guarantee that of a black hole. This fact makes the discussion of dynamical black holes in the DGP braneworld comprehensive. It may give us a good example which describes some aspects of the evaporation process of black holes (exactly say, not a black hole); that is, the expanding region may appear after the evaporation of a black hole.
We discussed the two definitions of a wormhole throat, based on the double null [11, 12] and time slice foliations [13] . We have derived the location of the wormhole throat in the different definitions. In the definition based on a time slice foliation, it strongly depends on the choice of slices.
We have discussed the requirement for traversability, too. For travelers to endure the gravitational force, the acceleration and tidal force that they feel must be small enough. We have seen that the discussion of the acceleration constrains the minimum size of the bubble to be 1 pc, while from the constraint on the tidal force the size of the bubble should be larger than 10 10 cm. Although the former constraint is much stronger than the latter, the latter may be more meaningful. This is because the former strongly depends on the trajectory of the traveler. Even if we take the latter, the bubble is too large to nucleate in a quantum process and it is hard to realize a traversable wormhole in a natural way. To transverse it, we also need a mechanism to keep the size of the bubble compact. Matter fields on the brane may induce such a mechanism naturally because of the attractive gravitational force.
For simplicity, we focused on the simplest configuration among DGP bubble spacetimes. There may be a more natural configuration for a specific case. This is left for future study.
